XEFT is a low energy effective theory for the X(3872) that can be used to systematically analyze the decay and production of the X(3872) meson, assuming that it is a weakly bound state of charmed mesons. In a previous paper, we calculated the decays of X(3872) into χ cJ plus pions using a two-step procedure in which Heavy Hadron Chiral Perturbation Theory (HHχPT) amplitudes are matched onto XEFT operators and then X(3872) decay rates are then calculated using these operators. The procedure leads to IR divergences in the three-body decay X(3872) → χ cJ ππ when virtual D mesons can go on-shell in tree level HHχPT diagrams. In previous work, we regulated these IR divergences with the D * 0 width. In this work, we carefully analyze X(3872) → χ cJ π 0 and X(3872) → χ cJ ππ using the operator product expansion (OPE) in XEFT. Forward scattering amplitudes in HHχPT are matched onto local operators in XEFT, the imaginary parts of which are responsible for the decay of the X(3872). Here we show that the IR divergences are regulated by the binding momentum of the X(3872) rather than the width of the D * 0 meson. In the OPE, these IR divergences cancel in the calculation of the matching coefficients so the correct predictions for the X(3872) → χ c1 ππ do not receive enhancements due to the width of the D * 0 . We give updated predictions for the decay X(3872) → χ c1 ππ at leading order in XEFT.
I. INTRODUCTION
The X(3872) [1] [2] [3] and to calculate the leading corrections to this process [4] , to calculate elastic scattering of charm mesons off the X(3872) [5] , the cross section for π + X(3872) → D * + D * 0 [6] and to calculate decays of X(3872) to quarkonia [7, 8] . Decays to final states with χ cJ are interesting because heavy quark symmetry predicts the relative rates for decays to different χ cJ and therefore the relative rates can be used to test the molecular interpretation of the state [9] .
The purpose of this paper is to carefully revisit the calculation of three-body decays, X(3872) → χ cJ ππ, first performed in Ref. [7] . In the case of decays to χ c1 , Ref. [7] found double poles coming from static D meson propagators that can go on-shell in certain regions of three-body phase space. These double poles lead to divergent phase space integrals in the total decay rate. Since the divergence is associated with an internal D meson going on-shell we will refer to this as an IR divergence. Ref. [7] regulated these double poles by performing a matching calculation with D * 0 having a complex nonrelativistic energy ∆+ iΓ D * 0 /2, where ∆ is the hyperfine splitting between the D 0 and D * 0 and Γ D * 0 ≈ 68 keV is the width of the D * 0 . When the double pole is regulated this way the decay rate is enhanced by a factor 2πE π /Γ D * 0 ∼ 10 4 where E π is the typical energy of the pion in the decay. Therefore, predictions for decay rates for X(3872) → χ c1 π 0 π 0 in Ref. [7] were found to be quite large.
In this paper, we argue that the IR divergence is not regulated by the width of the D * 0 but by larger mass scales. We show how to determine how to properly handle these IR divergences in these calculations and give the correct prediction for the three-body decay X(3872) → χ c1 ππ. The issues addressed in this paper should be relevant to other decays of the X(3872) as well as the decays of other states that could be molecular bound states of hadrons, e.g., the recently discovered Z b states [11] . (For an XEFT-like treatment of these states, see Ref. [12] ).
XEFT is supposed to be valid near (within a few MeV) of the D 0D * 0 threshold and other nearby thresholds, such as the D + D * − threshold which is about 8 MeV away are not explicitly included in the calculations mentioned above. A recent calculation of the line shape in the vicinity of the X(3872) in Ref. [10] shows that this is a very good approximation.
It would be interesting to revisit many XEFT calculations with charged mesons included explicitly in the theory but we will not do so in this paper.
In order to understand the nature of the IR divergences we consider an alternative approach to calculating the decay rate X(3872) → χ cJ ππ. We begin by reviewing how the hadronic decays to quarkonia plus pions were calculated in Ref. [7] , using X(3872) → χ cJ π 0 to illustrate the technique. The underlying short-distance process is D 0D * 0 → χ cJ π 0 .
1 By short-distance we mean that the process occurs on length scales much shorter than the typical separation of the constituents of the X(3872). This length scale is not well known since the binding energy of the X(3872) is not accurately determined, but is expected to be large compared to typical hadronic scales because the X(3872) is very weakly bound. The wave
where γ = √ 2µ DD * B, where µ DD * is the reduced mass of the charmed mesons and B is the fm, a scale much shorter thanhc/γ. One then expects to be able to derive a factorization theorem [14] [15] [16] which schematically takes the form
similar to what is found for the decay of quarkonia and other nonrelativistic bound states.
However, the wavefunction in Eq. Λ, be taken not too much larger than a few times γ so these effects are integrated out and included as short distance operators in XEFT. Thus we expect |ψ DD * (0)| 2 to be replaced by the appropriate short-distance matrix element in XEFT.
The factorization theorem of Ref. [7] is derived as follows: the amplitude for the transition 
Here V i are the fields for D * 0 meson fields and P are the fields for the D mesons. The function C χ,0 (E π ) is calculated in Ref. [7] and contains the energy dependence of the virtual D mesons. The decay of the X(3872) is then calculated using the Lagrangian in Eq. (3).
The relevant Feynman diagram, depicted in Fig. 1 , gives the result (for arbitrary J)
where α 0 = 4, α 1 = 3, and α 2 = 5, the functions C χ,J (E π ) are given in Ref. [7] , and the PDS subtraction scheme is used to regulate the divergent integral appearing in the calculation of the rate. The first term in Eq. (4) is equal to the following matrix element in XEFT
of the wavefunction at the origin squared times the remaining factors which are calculable in HHχPT. The matrix element is not calculable in XEFT, and the sensitivity to short distance physics is evident from the quadratic dependence on the cutoff.
In next section of the paper, we briefly discuss power counting in HHχPT and XEFT.
In the following section, we will show how to rederive the previous results for two-body X(3872) decays using the operator product expansion (OPE). In the next section of the paper, we will apply the OPE to the three-body decays of the X(3872) where we reproduce our previous results for the decays X(3872) → χ cJ ππ for J = 0 and 2, and provide the correct treatment of IR divergences for the case J = 1.
II. POWER-COUNTING
Before applying the OPE in matching HHχPT onto XEFT, we explain the power counting in XEFT and HHχPT. In HHχPT the expansion parameter is Q/Λ χ , where Λ χ = 4πf π ∼ 1 GeV. Here Q is either m π or p or E, where p (E) are either a loop or external momentum (energy) that are taken to be of order m π . In XEFT the scales m π , ∆, and similar scales have been removed from the theory and reside in short-distance coefficients. As a result the shortdistance coefficients scale with powers of m π /Λ χ (where we have chosen to replace Q with m π for bookkeeping purposes). In Ref. [4] , XEFT is formulated as an expansion in 
J , and XEFT operators on the right-hand side.
XEFT are a simultaneous expansion in m π /Λ χ and v π . Examples will be given below.
III. TWO-BODY DECAYS AND THE OPERATOR PRODUCT EXPANSION
Strictly speaking, matching amplitudes in HHχPT onto local operators in XEFT as in Eq. (3) does not adhere to the EFT paradigm because in two-body decays the energies of the χ cJ and π 0 in the final state are too large for the power counting of XEFT. In the decay X(3872) → χ cJ π 0 , the energy of the pion is 433 MeV, 347 MeV, and 305 MeV, for J = 0, 1 and 2, respectively. The pion is relativistic and therefore is not properly treated in XEFT.
Likewise the momentum of the χ cJ exceeds the size mandated by XEFT power counting.
These particles should really be integrated out of XEFT and their effects incorporated into local XEFT operators.
The rigorous approach to X(3872) → χ cJ π 0 is to use the OPE. In this approach the forward scattering matrix element for
is calculated in HHχPT, and matched onto products of short-distance coefficients and local operators in XEFT. This is illustrated in Fig. 2 . After matching, the decay rate for X(3872) → χ cJ π 0 can be calculated in XEFT. This approach is conceptually similar to how short-distance annihilation decays of quarkonia are treated in Non-Relativistic QCD (NRQCD) [20] . In that theory, full QCD is used to calculate the matrix element squared for the processes cc → gg, ggg, for example. The matrix elements squared in full QCD determine the imaginary parts of coefficients of four-quark operators in NRQCD and the imaginary parts are responsible for the decay of the quarkonium state in NRQCD.
The HHχPT forward scattering matrix elements for D 0D * 0 → D 0D * 0 via intermediate Fig. 3 for the χ c0 (top row), χ c1 (middle row), and χ c2 (bottom The top, middle, and bottom rows show the diagrams involving the χ c0 , χ c1 , and χ c2 , respectively. row). The amplitudes for these diagrams are
where Ω J = m X − m χ cJ . The factor of m χ cJ /m X is associated with each χ cJ propagator.
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To determine the two-body decay rate, we will need the discontinuity of the expressions above. The discontinuity can be found by cutting the both the pion and χ cJ propagators, which amounts to the following replacement rules:
1
3 This factor can be understood by starting with a fully relativistic kinetic term for the χ cJ fields,
then making the field redefinition
The factor of 2m χcJ ensures proper normalization of the non-relativistic χ cJ field and the factor m X ≈ m D 0 + m D * 0 in the exponent appears because all energies are measured relative to the D 0 D * 0 threshold.
The factor m χcJ /m X could consistently be set to 1 within the accuracy of our calculation, but we keep it to obtain expressions for decay rates that are identical to our earlier calculations.
where in each expression E π = Ω J and p π = Ω 2 J − m 2 π . Next we need the local XEFT operators which we will use in the matching:
where the subscsript n refers to the number of particles in the final state and in this section we are focusing on n = 2. The amplitudes for D 0D * 0 → D 0D * 0 for these operators are
and matching onto the HHχPT amplitudes in Eq. (6) gives
The matching coefficients scale as
in XEFT according to the power counting discussed earlier, since
Note that because the HHχPT forward scattering amplitudes match directly onto local four fermion operators in XEFT there is no suppression due to factors of v π .
The XEFT decay rate for X(3872) coming from final states with n particles (n − 1 pions)
is given by
A J A (2) J
FIG. 4: The leading contribution to Σ
where Σ(−E X ) is the sum of C 0 irreducible graphs contributing to the two-point function of the X(3872) interpolating field, evaluated at the X(3872) pole. Σ A J . The leading order contribution to Re Σ ′ (−E X ) was calculated in Ref. [4] :
The leading contribution to Σ A (−E X ) is given by the diagram in Fig. 4 , which evaluates
Using these results in Eq. (14) , the leading order XEFT decay rate for X(3872) → χ cJ π 0 is
where the extra factor of two comes from including not only the (V iP ) † V iP operator, but also the (V i P ) †V i P , (V i P ) † V iP , and (V iP ) †V i P operators, and a factor of 1/2 from the squaring the factor of 1/ √ 2 in the X(3872) wavefunction. This expression makes it clear that we are only interested in Im A J = DiscA J /(2i), which at leading order can be read off of Eqs. (9) and (12) . Inserting these into Eq. (17) gives
This agrees with the results of our previous paper [7] . 
IV. THREE-BODY DECAYS AND THE OPERATOR PRODUCT EXPANSION
In this section we apply the OPE to the three-body decays of the X(3872), which is straightforward for final states with a χ c0 or χ c2 . The calculation of these decays is completely analogous to the two-body decays of the previous section. The decay rate for the threebody decays under consideration is given by Eq. (14) . The matching coefficient A 
where
. (20) and
Here, E i ( p i ) refers to the energy (three-momentum) of one of the π 0 and p i = | p i |. The partial decay rates are symmetric under 1 ↔ 2. In these decays ∆ is equal to the neutral hyperfine splitting, ∆ = m D * 0 − m D 0 = 142 MeV. These expressions for the decay rates are identical to those calculated in Ref. [7] , except for how the phase space integration is performed. Ref. [7] calculated the rates with the exact relativistic phase space for the χ cJ and pions. In the present paper we drop terms of order m π /M X in the argument of the energy-momentum conserving delta-function in three-body phase space. 4 This considerably simplifies the calculation of three-body phase space, which is now a one-dimensional integral due to the delta-functions in Eqs. (19) and (21). The rates calculated with this approximation for the phase space agree with the rates in our previous calculation to an accuracy of 10-15%.
Next we turn our attention to the problematic decay rate for X(3872) → χ c1 π 0 π 0 . The
HHχPT diagrams for the forward scattering amplitude for D 0D * 0 → D 0D * 0 with an intermediate χ c1 π 0 π 0 state are shown in Fig. 6 . One would like to directly match these diagrams onto a local XEFT operator and obtain the coefficient Im A
1 to calculate the decay rate as in our previous calculations. However, there are diagrams in which the internal D meson propagators can go on-shell. Both internal D meson propagators in Figs. 6a), b) , e), and f) 4 Ref. [4] states that using the fully relativistic phase space is necessary because expanding in m π /M X in the argument of the energy/momentum conserving delta-function would lead to unconstrained momentum integrals, but this is incorrect. can go on-shell, leading to double poles in the three-body phase space integration. These double poles require a regulator to obtain finite answer for the total decay rate. The internal The imaginary part of the diagrams in Fig. 6 is given by
where where
,
The terms in the curly brackets are increasingly singular when the D meson goes on-shell, which occurs for either E 1 → ∆ or E 2 → ∆. Note that it is not kinematically possible to have both E 1 and E 2 go to ∆ at the same time. In Ref. [7] , the integrals were rendered finite by replacing (
, where Γ is the width of the D * 0 . This yields a finite result that diverges in the Γ → 0 limit. In what follows we will make a similar replacement to render the integral in Eq. (24) finite, but will interpret Γ as a regulator rather than the physical width of the D * 0 .
Because there are contributions to the graphs in Fig. 6 in which two D mesons and the pion can go on-shell, these graphs cannot be directly matched onto a local XEFT operator.
There are also long distance XEFT contributions which must be taken into account; these are shown in Fig. 7 . Only after subtracting these long distance contributions from Eq. (24) can the remainder term be matched onto the product of a local XEFT operator and the short distance coefficient A 
1 is shown in Fig. 8 , where the blob on the left represents all of the HHχPT forward scattering amplitudes in Fig. 6 . The contact interaction represented by the solid square in Fig. 7a We will determine Im B below. There is also another contact interaction in Fig. 7b ) which is obtained by matching the HHχPT diagrams for D 0D0 * → D 0D0 π 0 . We will not need the explicit form of this operator.
According to the XEFT power counting discussed in Section II, the diagram in Fig. 7a) scales as (g 1 . Furthermore, it is IR finite, i.e. it does not diverge as Γ → 0, so we will drop this graph in the matching calculation as well as the calculation of the decay rate.
Next we will calculate the loop diagram in Fig. 7a ). We first calculate Im B which is determined by the matching diagrams shown in Fig. 9 . The HHχPT forward scattering matrix element for DD → DD has the form
The explicit expression for the HHχPT forward scattering matrix element calculated from the E 1 → ∆ and E 2 → ∆ limits of the most singular terms in Eq. (24) (those on the last line of the equation), and compare it to Eq. (33). After converting from a decay rate to the imaginary part of the forward scattering amplitude, and accounting for the differences between the normalization of states in HHχPT and XEFT we find that the most singular terms in Eq. (24) for energies near ∆ have the form
In the first line of Eq. (34) This corresponds to exactly how the double poles were rendered finite in our calculation in
Ref. [7] . In the second line of Eq. (34) 
1 . Note there is a linear divergent term in the matching calculation that must removed by an XEFT counterterm.
Because matching calculations are insensitive to infrared physics they can usually be simplified by setting any physics on order of the infrared scale to zero. In the matching depicted in Fig. 8 the IR energy scale is set by the typical XEFT energy scale: E ∼ δ.
To make the IR terms in Eq. (24) obvious we shift the energies:Ẽ i = E i − m π . Then the singular terms become 1 = Ω 1 − 2m π ). Setting the IR scale δ to zero further simplifies the singular terms:
In addition, setting δ → 0 makes the XEFT loop integrals in Fig. 8 scaleless, and as a result they vanish. This greatly simplifies the matching calculation, which we do numerically. We 
where i 1 is given in Eq. (24).
The XEFT decay rate for X(3872) → χ c1 π 0 π 0 can now be calculated. The dominant contribution to the decay rate comes from the diagram in Fig. 4 with an insertion of A
1 . The result is the same as that in of Ref. [7] but with the 1/Γ enhanced terms omitted. In that paper we calculated the ratio of the branching fraction for the three-body decay to the branching fraction for the LO two-body decay X(3872) → χ c0 π 0 . We now find 
Because of the small propagator denominators in the graphs for X(3872) → χ c1 π 0 π 0 , this branching ratio is enhanced relative to the analogous branching ratio for χ c0 and χ c2 by ∼ (m π /δ) 2 ∼ 10 2 . Fig. 10 shows a three-loop diagram contributing to Σ(−E X ) involving the (DD) 2 operator of Fig. 9 . After evaluating all three energy integrals by methods of contours, the expression 5 A nearly identical result actually first appeared in a preprint version of Ref. [7] . The calculations of that version of the paper are correct even though a proper explanation of the prescription used to regulate the double poles is not given.
